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ROMAN GOLOVKO 

Abstract. We calculate the sutured version of cylindrical contact homology of a sutured contact 
solid torus (S 1 x D 2 , T, £), where T is arbitrary and £ is a universally tight contact structure. 



1. Introduction 

The cylindrical contact homology of a (closed) contact manifold was introduced by Eliashberg 
and Hofer and is the simplest version of the symplectic field theory of Eliashberg, Givental and 
Hofer [|6l. It is the homology of a differential graded module whose differential counts genus zero 
holomorphic curves in the symplectization with one positive puncture and one negative puncture. 

A natural condition to impose on a compact, oriented contact (2m + l)-manifold (M, £) with 
boundary is to require that dM be convex, i.e., there is a contact vector field X transverse to dM. 
To a transverse contact vector field X we can associate the dividing set T = T x C dM, namely the 
set of points x G dM such that X(x) G By the contact condition, (r, £ D TV) is a (2m — 1)- 
dimensional contact submanifold of (M, £); the isotopy class of (r, £ fl TT) is independent of the 
choice of X. We will denote by (M, T, £) the contact manifold (M, £) with convex boundary and 
dividing set T = C dM with respect to some transverse contact vector field X. Note that the 
actual boundary condition we need is slightly different and is called a sutured boundary condition. 
(In the early 1980's, Gabai developed the theory of sutured manifolds [7 1, which became a powerful 
tool in studying 3-manifolds with boundary.) For the moment we write (M, T, £) to indicate either 
the convex boundary condition or the sutured boundary condition. 

It turns out that there is a way to generalize cylindrical contact homology to sutured manifolds. 
This is possible by imposing a certain convexity condition on the contact form. This construction 
is described in the paper of Colin, Ghiggini, Honda and Hutchings (31 and will be summarized in 
Section |2l 

In this paper, we construct a sutured contact solid torus with 2n parallel sutures of slope j 
using the gluing method of Colin, Ghiggini, Honda and Hutchings 0, and calculate the sutured 
cylindrical contact homology of it. Here n G N, (k, I) = 1 and \k\ > I > 0. In order to define 
the slope, we choose an oriented identification d^S 1 x D 2 ) ~ T 2 = (IR/Z) 2 as follows: map 
{pt} x dD 2 (the meridian) to (1, 0) (slope is 0) and S 1 x {pt} (a longitude) to (0, 1). 

This calculation, together with the calculation of the sutured cylindrical contact homology of the 
sutured contact solid torus with 2n parallel longitudinal sutures, where n > 2, that has been done 
in (8||, finishes the calculation of the cylindrical contact homology of (S 1 x D 2 , V, £), where T is 
arbitrary and £ is a universally tight contact structure. 
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Our goal is to prove the following theorem: 

Theorem 1.1. Let (S 1 x D 2 ,T) be a sutured manifold, where Y is a set of In parallel closed curves 
of slope j, where (k,l) = 1, \k\ > I > and n G N. Then there is a contact form a which makes 
(S 1 x D 2 , T, a) a sutured contact manifold with a universally tight contact structrure £ = ker a, 
HC cyl (S l x D 2 , T, a) is defined, is independent of the contact form a for £ = ker a and the almost 
complex structure J and 
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The goal of this section is to review definitions of sutured contact manifold and the relative 
version of cylindrical contact homology. This section can be considered as a summary of J3]|. 

2.1. Review of sutured contact manifolds. In this section we recall some definitions and describe 
some constructions from [3 |. We first start with the notion of a Liouville manifold. 

Definition 2.1. A Liouville manifold (often also called a Liouville domain) is a pair (W, (3) con- 
sisting of a compact, oriented 2n-dimensional manifold W with boundary and a 1-form (3 on W, 
where u = d(3 is a positive symplectic form on W and the Liouville vector field Y given by 
iy{oj) — f3 is positively transverse to dW. It follows that the 1-form (3 = (3\qw (this notation 
means j3 pulled back to dW) is a positive contact form with kernel £. 

We now recall the definition of a sutured contact manifold. 

Definition 2.2. A compact oriented 2n + 1 -dimensional manifold M with boundary and corners 
is a sutured contact manifold if it comes with an oriented, not necessarily connected submanifold 
T C dM of dimension 2n — 1 (called the suture), together with a neighborhood U (T) = [—1,0] x 
[-1, 1] x T of r = {0} x {0} x r in M, with coordinates (r, t) G [-1, 0] x [-1, 1], such that the 
following holds: 

(1) undM = ({o} x [-1, i] x r) u ([-i, o] x {-i} x r) u ([-i, o] x {i} x r); 

(2) dM \ ({0} x (-1, 1) x T) = R_ (r) U R+(T), where the orientation of dM agrees with that 
of R+(T) and is opposite that of R-(T) and the orientation of T agrees with the boundary 
orientation of R + (T); 

(3) the corners of M are precisely {0} x {±1} x T. 




fork\ h> 0; 
for k j h > 0; 
otherwise. 



Here h corresponds to the homological grading. 
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In addition, M is equipped with a contact structure £, which is given by the kernel of a positive 
contact 1-form a such that: 

(i) (R±(T),/3± = a|_R ± (r)) is a Liouville manifold; 

(ii) a = Cdt + (3 inside U(T), where C > and (3 is independent of t and does not have a 
dt-term; 

(Hi) d T = Y±, where Y± is a Liouville vector field for (3±. 
Such a contact form a is said to be adapted to (M, T, U (r)). 

Here we briefly describe the way to glue sutured contact manifolds. This procedure was first de- 
scribed by Colin and Honda in flU and then generalized by Colin, Ghiggini, Honda and Hutchings 
in El. 

Let (M', r', U(V), £') be a sutured contact 3-manifold with an adapted contact form a'. We 
denote by n the projection along d t defined on U (V). 

Take 2-dimensional submanifolds P± C R±(T') such that dP± is the union of (dP±)g C 
dR±(T'), (dP±)i n t C int(R±(T')) and dP± is positively transversal to the Liouville vector field 
Y± on R±(T'). Whenever we refer to (dP±)i nt and (dP±)g, we assume that closures are taken as 
appropriate. Moreover we make the assumption that 7r((9P_)a) H n(dP + )o) = 0. 

Let <£> be a diffeomorphism which sends (P + , (3' + \ P+ ) to (P_,/3 / _|p_) and takes (dP + ) int to 
(dP_)g and (dP + )g to (dPJ) int . Note that, since dim M = 3, we only need /3+|p + and v?*(/3 / _|p_) 
to match up on dP + , since we can linearly interpolate between primitives of positive area forms on 
a surface. 

Topologically, we construct the sutured manifold (M, T) from (M', V) and the gluing data 

(P+, P_, ip) as follows: Let M = M' / ~, where 

• x ~ for all x E P + ; 

• x ~ x' if x, x' G 7T _1 (r') and 7r(x) = 7r(x') G T'. 

Then 



and 



r< W aP +ua P_) _ ((ap _ )fctn(ap _ 



7r((dP+) int n (9P + ) a ) 
For the detailed description of the gluing procedure we refer to 0. 

Finally, we describe the way to complete sutured contact manifold (M, a) to a noncompact 
contact manifold (M*, a*). This construction was first described in ||3). 

Let (M, r, i7(r), £) be a sutured contact manifold with an adapted contact form a. The form a 
is then given by Cdt+f3± on [1-e, 1] xP+(r) and [-1, -1+e] xP_(r) of R+(T) = {1} xP + (T) 
and P-(r) = {-1} x P-(r), where t G [-1, -1 + e] U [1 - e, 1] extends the t-coordinate on U. 
On U, a = Cdt + f3, f3 — f3 + — /L and (9 T is a Liouville vector field Y for (3. We first extend 
a to [1, oo) x R + (T) and (— oo, —1] x P_(r) by taking Cdt + (3± as appropriate. The boundary 
of this new manifold is {0} xKxT. Notice that since d T = Y, the form <i/3|[-i,o]x{t}xr is the 
symplectization of /9|{o} x {i}xr in the positive r-direction. We glue [0, oo) xRxT with the form 
Cdt + e T (3 , where p is the pullback of (3 to {0} x {t} x T. 
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We denote by M* the noncompact extension of M described above and by a* the extension of 
a to M*. 

2.2. Review of cylindrical contact homology. Let (M, T, U(T), £) be a sutured contact manifold 
with an adapted contact form a and (M*, a*) be its completion. 

The Reeb vector field R a * that is associated to a contact form a* is given by da*(R a *, •) = 
and a*(R a *) = 1. 

We assume that R a * is nondegenerate, i.e., the first return map along each (not necessarily 
simple) periodic orbit does not have 1 as an eigenvalue. Observe that nondegeneracy can always 
be achieved by a small perturbation. 

Remark 2.3. Note that every periodic orbit of R a * lies in M. Hence, the set of periodic Reeb orbits 
of R a * coincides with the set of periodic Reeb orbits of R a . 

A Reeb orbit 7 is called elliptic or positive (respectively negative) hyperbolic if the eigenvalues 
of P 7 are on the unit circle or the positive (resp. negative) real line respectively. 

If r is a trivialization of £ over 7, we can then define the Conley-Zehnder index. In 3-dimensional 
situation, we can explicitly describe the Conley-Zehnder index and its behavior under multiple 
covers as follows: 

Proposition 2.4 ( [[Toll ). Ifj is elliptic, then there is an irrational number <p E R such that P 1 is 
conjugate in SX 2 (IR) to a rotation by angle 27T0 and 

M7 fe ) = 2LM + i, 

where 27T0 is the total rotation angle with respect to r of the linearized flow around the orbit. 

If 7 is positive (respectively negative) hyperbolic, then there is an even (respectively odd) integer 
r such that the linearized flow around the orbit rotates the eigenspaces of P 7 by angle nr with 
respect to r and 

/i r ( 7 fc ) = kr. 

A closed orbit of R a * is said to be good if it does not cover a simple orbit 7 an even number 
of times, where the first return map £ 7o — > £ 7T has an odd number of eigenvalues in the interval 
(—1, 0). Here T is the period of the orbit 7. An orbit that is not good is called bad. 

We now recall the notion of an almost complex structure onlx M* that is tailored to (M*, a*). 

Let (W, (3) be a Liouville manifold and ( be the contact structure given on dW by /cer(/3 ), where 
p = (3\ 9W . In addition, let (W, /3) be the completion of (W, (3), i.e., W = W U ([0, 00) x dW) 
and /3|[o,oo)xaiy = e T /3o, where r is the [0, 00) -coordinate. An almost complex structure J on W is 
(5- adapted if J is /3 -adapted on [0, 00) x dW; and d/3(v, J v) > for all nonzero tangent vectors 
v on W. 

Definition 2.5. Let (M, T, U(T),£) be a sutured contact manifold, a be an adapted contact form 
and (M*, a*) be its completion. We say that an almost complex structure J on R x M* is tailored 
to (AT, a*) if the following hold: 

(1) J is a*-adapted, i.e, J is IR-invariant, J(£) = £, da(v , Jv) > for nonzero v E £ and 
J(d s ) = R a *, where s denotes the IR-coordinate; 

(2) J is ^-invariant in a neighborhood of M* \ int(M); 



THE CYLINDRICAL CONTACT HOMOLOGY OF UNIVERSALLY TIGHT SUTURED CONTACT SOLID TORI 5 



(3) The projection of J to TR±(T) is a /3 ± -adapted almost complex structure J on the com- 
pletion (E^T), /§+) U0MT)> ?-) of the Liouville manifold (R+(T), /9+) U(i?_(r), 
Moreover, the flow of d t identifies Mr^t)\ r+ ^) and M gZ(r)\R-(ry 

Given a sutured contact manifold (M, T, £7(T), a) and an «*-adapted almost complex structure 
J, we define the sutured cylindrical contact homology group HC cyl (M, T, a, J) to be the cylindri- 
cal contact homology of (M*, a*, J). The cylindrical contact homology chain complex C(a, J) is 
a Q-module freely generated by all good Reeb orbits, where the grading | • | and the boundary map 
d are defined as in [OQ with respect to the a* -adapted almost complex structure J. The homology 
of C(a, J) is the sutured cylindrical contact homology group HC cyl (M, T, a, J). 

For our calculations we need the following construction of a "global" symplectic trivialization 
described in (TJ. Assume that all the Reeb orbits of R a are good. Let us now choose trivializations 
r(7) consistently for all Reeb orbits 7. Assume that Hi (M; Z) is a free module. We pick represen- 
tatives Ci, . . . , C s in Hi(M; Z) for a basis of Hi(M; Z), together with a trivialization of £ along 
each representative C», z = 1, . . . , s. Now for a Reeb orbit 7, we distinguish the following cases: 

(1) [7] = G Hi(M; Z). Choose a spanning surface S 7 and use it to trivialize £ along 7. 

(2) 7^ [7] G Hi(M; Z). We choose a surface 5 7 realizing a homology between 7 and a linear 
combination of the representatives d, i = 1, . . . , s. We then use 5 7 to extend the chosen 
trivializations of £ along the Cj, i = 1, . . . , s to 7. 

We denote the obtained trivialization by r. 

To a J-holomorphic curve in M. J (7; 7'), we can glue the chosen surfaces 5 7 and Sy and obtain 
a closed surface in M. Let A G H 2 (M; Z) be its homology class; we can use it to decorate the 
corresponding connected component M^(7; 7') of the moduli space. Using r we can write 

(2.2.1) ind{u) = | 7 | - |Y| + 2(ci(0, A) 

for m G M J a{1'i 7')' wnere |t| is the Conley-Zehnder grading 0/7 defined by 

(2.2.2) | 7 | := /i r ( 7 ) - 1. 

We will use Formulas 12.2.11 and 12 .2 . 21 for our calculations. 

In addition, we will need the following fact, which is a consequence of Lemma 5.4 in [0: 

Fact 2.6. Let (M, a) Z?e a closed, oriented contact manifold with nondegenerate Reeb orbits and 

u=(a,/):(S,j)4(lxM, J) 

be a J-holomorphic curve in Ai J (j; 7'), where 7 and 7' are good Reeb orbits, J is an a-adapted 
almost complex structure on R x M and M J (7; 7') ?5 a moduli space of J-holomorphic curves 
that we consider in cylindrical contact homology. Then the following inequality holds: 



7 7 

with equality if and only if r y = r y' and in this case the moduli space consists of a single element 
R x 7. 

Now we recall the following theorem: 
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Theorem 2.7 (O). Let (M, a) be a closed, oriented contact manifold with nondegenerate Reeb 
orbits. Let C^(M, a) be the cylindrical contact homology complex, where h is a homotopy class of 
Reeb orbits and m corresponds to the Conley-Zehnder grading. IfC®(M, a) = Ofor k = —1,0,1, 
then for every free homotopy class h 

(1) d 2 = 0; 

(2) H(C^(M, a), d) is independent of the contact form a for £, the almost complex structure 
J and the choice of perturbation for the moduli spaces. 

When M is closed and R x Mis 4-dimensional, the following transversality result has been 
proven by Momin, see Proposition 2.10 in ifTTI : 

Theorem 2.8 ( IfTTTO . Let u E M. J {^/; 7') be such that ind{u) = 1. Then the linearization of the 
Cauchy-Riemann operator is surjective at u. 

Remark 2.9. Observe that Theorem 12 . 81 does not require J to be generic. 

Remark 2.10. Note that Theorem l2.8l can be considered as a consequence of the automatic transver- 
sality result of Wendl, see Theorem 0.1 in [fT2l . 

Finally, we recall the following result of Colin, Ghiggini, Honda and Hutchings from [[3]|: 

Theorem 2.11 ((31). Let (M, T, U(T), £) be a sutured contact 3-manifold with an adapted contact 
form a, (M*, a*) be its completion and J be an almost complex structure on R x M* which is 
tailored to (M* , a*). Then the contact homology algebra HC (M, F, £) is defined and independent 
of the choice of contact 1-form a with ker(a) = £, adapted almost complex structure J, and 
abstract perturbation. 

Remark 2.12. Fact 12.61 Theorems 12.71 and |2.8[ Formulas 12.2. II and 12.2.21 hold for J-holomorphic 
curves in the symplectization of the completion of a sutured contact manifold, provided that we 
choose the almost complex structure J on R x M* to be tailored to (M*, a*). 

Remark 2.13. Observe that Theorem 12. Ill and Remark 12.121 rely on the assumption that the ma- 
chinery, needed to prove the analogous properties for contact homology and cylindrical contact 
homology in the closed case, works. 

3. Construction 

3.1. Gluing map. First we construct H E C°°(IR 2 ). The time-1 flow of the Hamiltonian vector 
field associated to H composed with an appropriate rotation will play a role of the gluing map 
when we will apply the gluing construction described in Section 12.11 to the sutured contact solid 
cylinder constructed in Section [3T2l 

We fix p E M 2 and consider H sing : IR 2 — > R given by H sing = fir 2 cos(n\k\9) in polar coordi- 
nates about p, where p > 0, n > 1 and fceZ\{- 1,0, 1}. Note that H sing is singular only at p. 
We obtain H E C°°{R 2 ) from H sing by perturbing H sing on a disk D{r sing ) about p in such a way 
that H has n\k\ equally spaced saddle points, critical point at p and interpolates with no critical 
points with H sing on D{r sing ). In other words, H = H sing on IR 2 \ D{r sing ). For the level sets of 
H sing and H in the case n = 1, \k\ — 3 we refer to Figured] 

The construction of if is a modification of the construction described in Q. 

We proceed in four steps. 
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Figure 1 . The level sets of H sing (left) and the level sets of H (right) in the case 
n = l,\k\=3 



(1) We consider 

#1 = Using + f(r, 0) = H sing + / exp (r, 9) + g(r, 9) 
= fir 2 cos{n\k\9) - Ae~ mr ' 2 + g(r, 9), 

where A and m are positive constants, and g(r, 9) is a smooth function to be chosen later. 
We are interested in the critical points of Hi away from the origin. 
We calculate 

an n„ 

1 = 2/ircos(n|A;|fl) + 2mrAe" mr2 + 



dr dr 
—n\k\\xr 2 sm(n\k\9). 



dHi , 2 



09 

Thus, at the critical points of Hi we must have sm(n\k\9) = 0. In this case, cos(n|A;|#) = 
±1. If cos(n\k\9) = 1, then ^ - §2 cannot be zero. When cos(n|A;|#) = -1, ^ - §jf = 
-2^r + 2mrAe~ mr2 . For r > 0, ^ - §jf = when e mr2 = i.e., when r = r c := 

j_ i n ^n^i) impose the restriction that mA > /i. Note that by making m large, we 
can make r c arbitrarily small. When cos(n\k\9) = —1, Hi — g(r, 9) = — ^(m(— ) + 1). 
Let g(r) be equal to ^■(ln( !2 ^-) + 1) on the annular neighborhood of r = r c . For such g, 
Hi is at the critical points, i.e., at the points (r c , 0), where cos(n\k\9) = —1. 

In summary, we get critical points at one value of r at the values of 9 when cos(n\k\9) = 
— 1, that is, for n\k\ values of 9. These are our n\k\ saddle points (it's not hard to see they 
are saddle points; alternatively, we can deduce that they must be for index reasons). 
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(2) Keeping f exp solely a function of r and keeping g constant, we cut off f cxp smoothly starting 
at some point past r c to give a Hamiltonian H 2 which agrees with H sing + g outside a ball. 
As long as < 2/ir, there are no new critical points. 

Note that f exp (r c ) = Keeping near fir c (which, using e.g. A = SK, is ^), we 
can bring / exp to zero in a radial distance of a constant times hL; i.e. for m large we can 
make H 2 agree with if S j rag + g outside an arbitrarily small ball. 

For A = —, g = 2^-. Then keeping g solely a function of r, we cut off g(r, 9) smoothly 
starting at some point past the point where H 2 = H sing + g to give Hamiltonian H 3 . As 
long as |^ > — 2/ir, there are no new critical points. We can make it in such a way that H 3 
agrees with H sing outside a small ball. 

(3) Recall that H 3 = H sing + f exp + g near the origin and g(r, 9) = 2^ > 0. Note that g(r, 9) 
is small for large m. Now keeping g constant we modify H sing + f exp + g near the origin 
to give us if 4 which is Br 2 — C near the origin (for B > 0), which corresponds to the 
Hamiltonian flow rotating at a constant angular rate. Since = ^^s+f^ > o for 
r < r c , we can patch together Br 2 — C near the origin with H 2 outside a small ball of 
radius less than r c in a radially symmetric manner to get iJ 4 such that ^Mr > for r < r c 
(we do this by choosing C sufficiently large). Note that H A has a critical point at the origin. 

(4) Finally, to ensure no fixed points of the time-1 flow of the Hamiltonian vector field of H, 
we let H be H A multiplied by a radially symmetric function which is e for r < R (for e 
sufficiently small that the only fixed points of the time-1 flow inside radius R are the critical 
points and for R large enough that if 4 agrees with H sing for r > R) and 1 for r > 2R. 
This creates no new fixed points in the region R < r < 2R because if 4 and have the 
same sign there. Now there are no fixed points of the time-1 flow of the Hamiltonian vector 
field of H, except for the n|A;|+l critical points of H because outside radius R there are no 
compact flow lines. 

Let pi, . . . ,p n \k\ denote the equally spaced saddle points of H ordered counterclockwise, i.e., 
Rn\k\(Pi) = Pi+i, where R n \k\ corresponds to the ^-rotation around the center of D(r sing ). 

Remark 3.1. We first note that H(p s ) = for s = 1, . . . , n\k\. Hence, by Morse lemma (arguing 
the same way as in Lemma 3.2 in [8]) we get that there is a neighborhood U s of p s such that 
H = axy on U s , where s = 1, . . . , n\k\ and a > 0. In addition, observe that H is ^-symmetric 

with respect to 9. Therefore, U s 's together with coordinates (x, y) are ^-symmetric with respect 
to 9, i.e., Rn\k\(U s ) = U s+ i and coordinates on U s maps to the coordinate on U s +i, where R n \k\ 
denotes ^-rotation with respect to 9. Finally, note that H = Br 2 — C on a neighborhood of the 

center of D{r sing ), which we call U, where C > and B is a small positive number and hence 
Hamiltonian flow rotates at a constant rate near the origin. 

3.2. Sutured contact solid tori. In this section, we construct the sutured contact solid torus with 
2n sutures of slope j, where n e N, (k, I) = 1, \k\ > I > 0. 

Let 7 PiPs be an embedded curve in IR 2 which starts at p and ends at p s for s — 1, . . . , n\k\. For 
the time being, we can think about 7 PiPs as about the segment connecting p andp s . 

Lemma 3.2. There exists a 1-form (3 on IR 2 satisfying the following: 
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(1) d/3 > 0; 

(2) its singular foliation given by ker (3 has isolated singularities and no closed orbits; 

(3) (3 = ^r 2 d9 on U with respect to the polar coordinates whose origin is at the center of 
D(r sing ); (3 = ^^-(xdy — ydx) on U s with respect to the coordinates from Remark UH] 
where s <E {1, . . . ,n\k\}; (3 = \r 2 dQ onM. 2 \D (r sing ) with respect to the polar coordinates 
whose origin is at the center of D(r S i ng ); here < e c <C e sym <C 1; 

(4) the set of hyperbolic points of the singular foliation of (3 is given by {q s }"=[ such that q s 
lies on 7 PiPs outside of U s and U; 

(5) (3 is -^-symmetric, i.e., R* n \ k \(f3) = (3, where R n \k\ : IR 2 — IR 2 is a -^-rotation with 
respect to the center of D{r sing ). 

Proof. Consider a singular foliation T on IR 2 which satisfies the following: 

(1) T is Morse-Smale and has no closed orbits. 

(2) The singular set of T consists of elliptic points and hyperbolic points. The elliptic points 
are the equally spaced saddle points of H and the center of D(r sing ). The set of hyperbolic 
points of the singular foliation of (3 is given by {g s }"=J such that q s lies on j PjPe outside of 
U s and r. 

(3) T is oriented and for one choice of orientation the flow is transverse to and exits from 
dD(r sing ). 

(4) T is -symmetric with respect to 0. 

Next, we modify T near each of the singular points so that T is given by (3 = \{xdy — ydx) 
on U a with respect to the coordinates from Remark 13.11 and (3 = 2xdy + ydx near a hyperbolic 
point. On IR 2 \ D(r sing ), (3 = \r 2 dQ with respect to the polar coordinates whose origin is at the 
center of D(r sing ). In addition, on U, (3 Q = \r 2 dQ with respect to the polar coordinates whose 
origin is at the center of D(r sing ). From Remark [34] it follows that we can do it in such a way 
that the modification of T is still ^-symmetric. Finally, we get J 7 given by /3 , which satisfies 

d/3 > near the singular points and on IR 2 \ D(r sing ). Now let /3 = g/3 , where g is a positive 
function with dg(X) > outside of U U (U^C/g) U (IR 2 \ D(r sing )), g\. n\k\ u = e sym , g\u = e c , 

3 = 1 S 

5'|R 2 \D(r sin9 ) = 1 an d X is an oriented vector field for J 7 (nonzero away from the singular points). 
Here < e c < e sym < 1. Since d/3 = dg A /3 + g A d/3 , dg(X) > guarantees that d/3 > 0. □ 

Remark 3.3. From the previous lemma we get (3 defined on IR 2 with the following properties: 

(z) d(3 > on IR 2 ; 

(ii) (3 = Y r2 d0 and H = Br 2 — ConU, where C > 0; here e c is a small positive real number; 

(Hi) (3 = ^^(xdy — ydx) and H = axy on U s for s — 1, . . . , n\k\; here < e c <ti e sym <^ 1; 
(iv) (3 = \ r 2 d6 and H = /ir 2 cos(n6) on IR 2 \ D(r sing ). 

For the comparison of the level sets of H with the singular foliation of (3 in the case n — 1, 
\k\ = 3 we refer to Figure [2l 

Lemma 3.4. Let (3 be a 1-form from Lemma 13721 The Hamiltonian vector field Xh of H with 
respect to the area form d(3 satisfies f3(X H ) = H on (U™=[u s ) U (IR 2 \ D(r sing )). In addition, the 
Hamiltonian vector field Xh of H with respect to the area form d(3 satisfies (3(Xh) — H = C on 
U. 
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Figure 2. The level sets of H (left) and the characteristic foliation of (3 (right) in 
the case n = 1, \k\ = 3 



Proof. First, Remark [331 implies that f3 = ^r 2 d6, H = Br 2 — C on U and £ c is a small positive 
number. Now we show that X H = is a solution of /3(Xh) — H = C on U. We calculate 

ix B (dP) = | — 4r I j(£ c rdr A d0) = -2£?rdr = -dH, 

and 

Next, we work on U s , where s = 1, . . . , n\k\. From Remark 1331 it follows that j3 = ^^-(xdy — 
ydx) and H = axy on U s . Let X H be a Hamiltonian vector field defined by ix„d(3 = —dH. 
We show that 

ax d ay d 

-X-H = ~ 1- 



^sym 9x ^sym 

is a solution of the equation 

(3.2.1) (3{X H ) = H 

on U s . We calculate 



(ax d ay d \ 
— — I — ) j(e sym dx A dy) = —axdy — aydx = —dH 
£ sym OX ^sym J 
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and 



£ sym f __j_. ( ax d t ay d 



P(X H ) = -—(xdy - ydx) I — H — ) = axy = H. 

V ^-syrn OX £sym Oy J 

Finally, Remark [331 says that (3 = ^r 2 d9 and H = fxr 2 cos(n\k\9) on M 2 \ D(r sing ). As in the 
previous case, we show that 

d d 
X H = n\k\ar sm(n\k\9) — — h 2pcos(n\k\9) — 

or 69 

is a solution of Equation (13.2.11) on IR 2 \ D{r sing ). 
We calculate 

ix H (d/3) = {n\k\jj,r sm(n\k\9)d r + 2p cos(n\k\9)dg) _i(rdr A d9) 
= —2jj,r cos(n\k\9)dr + n\k\fir 2 sm(n\k\9)d9 = —dH, 



and 



(3(X H ) = (-r 2 d9) (n\k\arsin(n\k\9)^ + 2ucos(n\k\9)^- 
\2 J \ or o9 

= fir 2 cos(n\k\9) = H. 



□ 



Let X H be the Hamiltonian vector field of H with respect to d(3 and (p s XR be the time-s flow of 
X H . Now we introduce the following notations: 

S := {x G R 2 \ D{r smg ) | <p' XB (x) G R 2 \ D(r sing ) Vs G [0, 1]}, 
V := {x G U | <p 8 Xb (x) G C/Vs G [-1,1]}, and 
V, := {x G Ui | <^ H (x) G C/j Vs G [-1, 1]}. 
For simplicity, let us denote cpx H '■— Pxh- 

Remark 3.5. Using the form of X H on Ui, where i = 1, . . . , n\k\, we may assume that the curves 
7 P)P /s in Lemmc t3T2l satisfy the following list of properties: 

(1) 7 PiP . is an embedded curve which starts at p and ends at p { ; 

(2) 7 p p . is a part of one of the curves of the singular foliation given by her (3; 

(3) 7p Pi coincides with one of the level sets of H on Vi and near p, can be presented as 

W s (ipx H ,Pi) = {x | -^pasn^ oo}. 

Recall that the following claim was proven in [8J: 

Claim 3.6 ((El). If (M,u) is an exact symplectic manifold, i.e., u = d(3, then the flow (p x of a 
Hamiltonian vector field X H consists of exact symplectic maps, i.e., 

{ Vxh YP -(3 = df t , 

where 



t 

ft= f{-H + /3(X H ))o<p' XB ds. 
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Remark 3.7. Observe that from Lemma [3~4l and Claim [3T61 it follows that (p* Xll (P) — ft = dh, 
where h := fi = on S U (LfivS) and ft = C > on V. Hence, we get (p* XB (p) = (3 on 

suyu(ug^). 

Now we define := R_u o (/) 1h , where i? : IR 2 — > IR 2 is a — ^-rotation around the center 

of D{r sing ). 

Remark 3.8. Since R\ k] [j3) = f3, we get R*_ k (P) = f3 and hence 

i i t 

Fix 3> r sing such that there is an annular neighborhood Vr„ of dD(R*) in IR 2 with Vr„ C S. 
Consider D(i^) with /3 := and ft := ¥& H (/3)b(H.)(= <pI(P)\d(r*)). Note that 

(3.2.2) dft = d(^ H (/3)b ( R.)) = = WWr*) = dPo > 0. 
In addition, from the definitions of V(R*) and D(R*) it follows that 

(3.2.3) /3 = /3i on V^nD{R*). 

Now we recall Lemma 3.10 from [8], which provides the construction of the contact 1-form on 

[-1,1] x D 2 . 

Lemma 3.9 (L8J). Let (3 and f3\ be two 1-forms on D 2 such that /3 = ft in a neighborhood of 
3D 2 and cfft = dpi = u> > 0. Then there exists a contact 1-form a and a Reeb vector field R a on 
[—1,1] x D 2 with coordinates (t, x), where t is a coordinate on [—1, 1] and x is a coordinate on 
D 2 , with the following properties: 

(1) a = dt + e(3 in a neighborhood of { — 1} x D 2 ; 

(2) a = dt + eft in a neighborhood of {1} x D 2 ; 

(3) R a is collinearto on [—1, 1] x D 2 ; 

(4) R a = in a neighborhood of [—1, 1] x dD 2 . 
Here e is a small positive number. 

In addition, recall that 

(3.2.4) a = (1 + e X i(t)h)dt + e((l - X o{t))Po + XoWft), 

where h E C°°(D 2 ) such that ft — ft = dh; xo '■ [ — 1, 1] — > [0, 1] is a smooth map for which 
Xo(*) = for -1 < t < -1 + e Xo , xo(t) = 1 for 1 - e Xo < t < 1, x' (*) > for t G [-1, 1] and 
£ xo is a small positive number; Xi{t) := XoW; £ is a sufficiently small positive number. 

Remark 3.10. Note that da = ecu, where a is a 1-form given by Formula 13 .2.41 and to = d/3 = 
dft>0on/J 2 . 

Observe that from Formulas 13 .2.2| and |3.2.3| it follows that ft and ft described above satisfy the 
conditions of Lemma |3.91 We now take [—1,1] x D(R*) equipped with the contact 1-form a given 
by Formula [3.2.41 For simplicity, let us denote ft- := eft and ft. := eft, where e is a constant 
from Lemma [3791 which makes a contact. 

Then we construct P + , P_ and D in the way described in [8j. Recall that 

P + ,P-,DC D(R*) C IR 2 
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Figure 3. Construction of P + , P_ and D in the case n — 1, \k\ — 3 

are surfaces with boundary which satisfy the following properties: 

(1) P± C D; 

(2) (dP±) 9 C 3D and (dP±) int c int(D); 

(3) v?x H maps P + to P_ in such a way that ipx H ((dP + ) int ) = (<9P_) S and (fx H ((dP + ) d ) = 

(dP-)int, 

(4) (<9P_) a n(&P + ) a = 0. 
Note that in our case 

. dP + = (U^at) U (USS" 1 ^), 

. ap_ = (uit^j) U (u^t\), 

. dp = (u2S~V) u (u^l-^) u (u^- 1 ^) u (uSS^cr). 

which is slightly different from the case described in [8J when 

. dP + = (U^o+J U (U^), 
. <9P_ = (U^aj) U (U^;), 

. 3D = (U£}a+) U (U£}&7) U (U^) U (U^c;). 
See Figure[3]for the schematic visualization of P + (bounded by the bold line), P_ and P. For more 
details of this construction we refer to (SI. 

Remark 3.1 1. Note that af's, bf's and cf's are constructed in such a way that 

at,bt,cfcD(R*)nS 
for i = 0, . . . ,n\k\ — 1. Hence, we see that <9P+, <9P_, <9P C P(P*) fi 5. In addition, P n | fc |(af ) = 



- and P n | fc |(6 J ± ) = bf +l , where is a ^-rotation around p and z, z + 1 are considered modulo 



i+l 

n|fe|. 

We take [—1, 1] x P with a contact form a := «||_y] xD . Let T = {0} x dD in [—1, 1] x P 
and P(r) := [0, 1] x [—1,1] x T be a neighborhood of T with coordinates (r, t) G [0, 1] x [-1, 1], 
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where t is a usual t-coordinate on [— 1, 1] x D. From the definition of S and Remark |3.1 H it follows 
that we may assume that U(T) c [-1,1] x (S (ID). 

Lemma 3.12. ([— 1, 1] x D, T, U (T), £) is a sutured contact manifold and a is an adapted contact 
form. 

Proof. First note that a\ R _ = /3_ and a\ R+ = /3 + . Let us check that and (R + ,(3 + ) are 

Liouville manifolds. From the construction of f3± it follows that d(/3_) = d(/3 + ) > 0. Since 
P_ = f3 + on D n S and by Formula 1372741 a = dt + fi_ on U(T). Recall that /3_ = (3 + = \r 2 dQ on 
DOS. Hence, a\u(r) = dt + ^r 2 d6. The calculation 

^±lK ± nt/ ( r)(^±) = \^rd r jj(£rdr A d6) = ^r 2 d9 = (3± 

implies that the Liouville vector fields Y±\ R±nU ^) are equal to \rd r . From the construction of D it 
follows that Y± is positively transverse to dR±. Therefore, e[3 ) and (R + , £/?i) are Liouville 
manifolds. As we already mentioned, a = dt + /3_ on U(T). Finally, if we take r such that 
d T = \rd r , then ([—1, 1] x D, T, U(T),^) becomes a sutured contact manifold with an adapted 
contact form a. □ 

Then we use (fk for the gluing construction. Note that cpx H maps a+ to a~ and 6+ to b~ . 
Hence, using Remark [3.1 1[ we see that ipk maps a+ to a~_ nl and 6+ to 6j_ ni for k > 0, and 
</)fe maps a+ to aj +ni and 5+ to &7 +n j for < 0. Then we follow the gluing procedure briefly 
described in Section l2TT1 and completely written in [3J. Finally, we get a sutured contact solid torus 
(S 1 x D 2 , T, U(T)) with a contact form as, where T is a set of 2n parallel closed curves of slope 
j, where n E N, (k, I) = 1, | k\ > I > and 5 is the rotation angle of the map Lp Xn near p. 

Remark 3.13. We have constructed (S 1 x D 2 , T, U(T)) using the gluing construction for sutured 
manifolds. However, since there is a close connection between sutured contact manifolds and 
contact manifolds with convex boundary, we observe that the gluing construction we used for the 
sutured contact solid cylinder corresponds to the gluing construction for the contact 3-ball with 
convex boundary and one dividing curve on the boundary. The corresponding gluing construction 
for the contact 3-ball with convex boundary corresponds (is inverse) to the convex decomposition 
of the contact solid torus S 1 x D 2 with convex boundary with respect to the convex meridional 
disk {pt} x D 2 with (9-parallel dividing curves. Hence, the constructed sutured contact solid tori 
are universally tight sutured contact manifolds by the gluing/classification result from Section 2 
in [0 (more precisely, Corollary 2.3, Theorem 2.5 and Corollary 2.6). 

4. Calculation 

4.1. Reeb orbits. Note that (fk\p + has n orbits of period \k\ obtained from the equally spaced 
saddle points of H . Lemma [3791 and the gluing procedure briefly described in Section |2TI imply 
that these orbits correspond to the Reeb orbits, which we call 71, . . . , j n such that 

[ ls ] = [ lt } = \k\eH 1 (S 1 xD 2 ;Z) 

for s, t = 1, . . . , n. In addition, Lfk \ P+ has a periodic point of period 1, which is p. It corresponds 
to the Reeb orbit, which we call 7, such that [7] = 1 e H^S 1 x D 2 ; Z). 
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Lemma 4.1. J a$ = J as and \k\ J as > J as, where s, t = 1, . . . , n. 
Proof. Let 

Af<°> = (([-1, 1] x D) U (i2+(r) x [1; oo)) U (R+(T) x (-oo; -1])) 

and 

M = M (0) \ ((P+ x (JV, oo) U (P_ x (-oo, -iV)). 

In addition, let a ^ denote the contact form on M and let £^ denote the contact structure defined 
by a u . 

Consider [—1,1] x D C M. From the construction of a it follows that f3 + = /3_ on V s and 
a l[-i,i]xy s — dt+/3- for s = 1, . . . , n\k\. Hence, since the contact structure on [1, oo) xP + is given 
by dt+/3 + and the contact structure on (— oo, — 1] x P_ is given by dt+(3_, oij^\[^N iN ]xV s — dt+/3_ 
on [-N, N] x V s C M for s = 1, . . . , n\k\. Therefore, we get 

(4.1.1) J a Al = 2N 

[-N,N]x{p s } 

for s = 1, . . . ,n\k\. From the gluing construction and Equation (14.1.11) it follows that 

as = 2N\k\ 

for s — 1, . . . , n. Note that as does not depend on s. Hence, f as = f t as for s, t — 1, . . . , n. 

Now from the fact that a = (1 + exi(t)h)dt + on [-1, 1] x V, where /i > and > 0, 
we get that 

i? 1 9 

a l + e X i{t)hdt 

on [—1, 1] x V. Hence, from the gluing construction we obtain |fc| as > 2iV|A;|. Thus, 

as = J as and |A;| J as > J as, 

Is 7t 7 7s 

where s,t = 1, . . . , n. □ 

For simplicity, from now on we assume that 1 = 1. The calculation for the case when / > 1 is 
completely analogous. 

Lemma 4.2. All closed orbits of Ra s are nondegenerate. Moreover, 7 is an elliptic orbit and 7^ 
is a hyperbolic orbit such that 7* and 7? are good orbits for i = 1, . . . n; s, t G N. There exists a 
symplectic trivialization r of ^ along 7 and 7« 's constructed in the consistent way as described in 
Section \2.2\ and Ns G N such that 



2s, for k < —1; 
-2s, for k > 1, 
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and 



Mr (7*) 



2m — 1, /or < — 1 and (m — l)\k\ < t < m\k\; 
—2m + 1, for k > 1 and (m — l)\k\ < t < m\k\ 



fori = l,...,n;t<N 5 ,s<^. 

Proof. Fix i = 1, . . . ,n. We first observe that H\vi = axy, where a > and hence 





( A 




Wi - 1 







where A = e a ^ 1. Let the symplectic trivialization of £ A ~ f along [-N, N] x {p;} be given by the 
framing (A^^c^, X^'dy), where i = 1, . . . , n\k\ and (x, y) are coordinates on which coincide 
with the coordinates on Ui from Remark l3TT1 Since Remark l3TT1 impries that R n \k\ maps coordinates 
on Vi to the coordinate on V^+i, where i, i + 1 are considered modulo n\k\ and P n |fc| denotes ^|r- 
rotation around p, we conclude that the symplectic trivializations of £^ along [—AT, N] x {p i+mn }'s 
for m = 0, . . . , \k\ — 1 and fixed i = 1, . . . ,n give rise to the symplectic trivialization r 7 . of £ along 
7i. It is easy to see that the linearized return map P 7i with respect to this trivialization is given by 

P _ ( A |fe| 

Since the eigenvalues of P 7 . are positive real numbers different from 1, ji is a positive hyperbolic 
orbit. In addition, P T « = P® Therefore, the eigenvalues of P 7 « are different from 1. Hence, 7? is 
a nondegenerate orbit for s E N and i = 1, . . . , n. We now observe that the linearized Reeb flow 
around 7; (with respect to r 7i ) rotates the eigenspaces of P 7i by angle 2ir for k < — 1 and — 27r for 
k > 1. Hence, we get 



(4.1-2) ^,(7" 



2s, for fc < -1; 
-2s, for fc > 1 



for s G N and i — 1, . . . , n. 

Now let the symplectic trivialization of £^ along [—AT, AT] x {p} be given by the framing 

{cos(6 S!k>N (t))d x + sm(0 Sik!N (t))dy, - sm(6 5:kiN (t))d x + cos(9 5:k>N (t))d y ), 

where Og,k,N(t) = n ^ s ^ t+N '> and t G [—A 7 ", AT]. Observe that P_ fc o (px H \v is a rotation by angle 
2n(— i + 5), where P_fc is a —^-rotation about p and 5 is a small positive irrational number. It 
is easy to see that with respect to this framing P 7 is a rotation by 2ix(— ~ + 5). Hence, since 5 is 
irrational, we see that 7 is an elliptic orbit and 7* is nondegenerate for t E N. Let 

A/a := max{m G N | m5 < ttt}. 



|*|- 



Note that we get 



, t\ _ \ 2m — 1, for k < — 1 and (m — l)|fc| < t < m\k\ 
(4.1.3) /M7) = j _ 2m + 1; forfc> land ( m _ X )| fc | <t < m \k\ 
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for t < N$. Formulas 14.1.21 and 14.1.31 and the fact that 5 is irrational imply that the parity of 
^t r (7?) is independent of s for given i and the parity of /i T (7*) is independent of t. Hence, we 
conclude that 7? 's and 7*'s are good Reeb orbits for i — 1, . . . , n and s, i G N. 

We now show that the symplectic trivializations r 7i 's and r 7 are consistent in the sense of Sec- 
tion |2.2[ We first consider {— N} x P_ c M. Note that Remark [331 implies that for i = 1, . . . , n|fc| 
there is an embedded curve 7 P Pi with the following properties: 

(1) 7 PiPi is an embedded curve which starts at p and ends at p^, 

(2) 7 PiPi coincides with one of the level sets of H on Vi and near p, t can be presented as 
W s (<p XlI ,Pi) = {x I (<px H ) n (x) ->pasn^ 00}; 

(3) 7 PiPi is a part of one of the curves of the characteristic foliation of on {— iV} x P_ c M. 
Now consider j PjP . with a vector field t> 4 G T^ PjPi such that t>j does not vanish and (-R n |fc|)*(t> j) = 

where -R^i denotes ^-rotation around p and i, i + 1 are considered modulo n|fc|. Let 

A((^f),M) 



where ft = (1 - Xo,ext(t))fio + x ,ea*(f)#i> 

C 1, forte[l,AT]; 

Xo,«rt(*) := { Xo{t), forte [-1, 1]; 

[ 0, fori G [— JV, — 1], 

and Xi,ext(t) := Xo,«rt(<) on [~ N , N \- lt is eas Y t0 see that 



= ((1 + £Xi,ext(t)h)dt + efit) 



\ 



= 

along <^(~ iV ~')/ 27V '(7 P)Pi ), where t G [— AT, iV] and i = 1, . . . , n\k\. Hence, we conclude that 
v i,t ^ £a7 along <^( _JV -*)/ 2JV \^ pPi ) for 2 = 1, . . . ,n|fc|; t G [— N, N]. In addition, observe that 
{ l ^XH~ t ^ 2N )*^ Vi ) e T(p(~ N ^ t ^ 2N {l P)Pi ) does not vanish, since V{ does not vanish. Thus, v i)t does 
not vanish as well. We now note that Properties (2) and (3) imply that {(iPx~h ~* 2N )* v i)\vuVi ^ 
Hence, we conclude that Pt{Wx~x ~* 2N )*( v i)\vL>Vj) — for t G [-N, N]. Thus, 

v i,t = (<Px~H~ t)/2N )*( v i) 

on [-N, N] x (V U Vi). In addition, Property (2), Property (3) and the fact that p and pi are fixed 
points of cp { x"~ ty2N for t G [-N, N) imply that 

(4-1.4) ((^"* )/JW ).(«i))(Pi) = 

where /i(i) does not vanish for i G [—AT, AT]. Besides that, observe that Property (2) implies that 
v(pi) is a multiple of a coordinate vector on Vi. Then we take (i>j )t , w ijt ) as a symplectic basis of 
along (<fix~ N )(lp,Pi)> wnere ^i,t is a symplectic complement of v itt with respect to da^. We 
now observe that Remark [3 .101 and the fact that \[i,N]x{vuVi) = dt + (5 + , a^\[-N,-i]x(vuVi) = 
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dt + /3_ imply that da-^\[-N,N]x(vuVi) — su. Hence, da^ is invariant under ((p x + )* m 
the neighborhoods of [-N,N] x {p;} and [-N, N] x {p} for i = l,...,n\k\, t e [-N,N]. 



Therefore, using the fact that v i>t = (^Xh )*( v i) on [ — N, N] x (V U Vi), we get that w^ t = 

&x„~ t)/m )*(wi) on N] x (V U Vi), where w< := w itt \^ tP . and t e [-N, N}. Now we take 
the symplectic trivialization given by the framing 

(4.1.5) {viM^iM) = (& { x"~ t)/2N )*(vi)(Pi), (^~ t)/2N )M)(Pi)) 

along [-N, N] x {pi}, where i — 1, . . . , n\k\. In addition, for a fixed i = 1, . . . , n we consider the 
sequence of framings 



i+nm,t 

(P)) 



1*1-1 
m=0 



along [— iV, iV] x {p}. We can rewrite it as 

(4-1.6) (((^~ 0/ ™).(*WmM^ 



Finally, note that since 



we see that 



v^ n , for k > 0; 
w i+n , for fc < 0, 



(4.1.7) (R_ k o " J t01 ' ' U: 



where i,i — n are considered modulo n\k\. Similarly, since /?_ and hence da^ = d(3^ is invariant 
under 4^,-rotaion around p, 

/d \ ( \ f w i-n, for fc > 0; 

= j w i+n , forfc<0. 

Hence, we get 

(4.1.8) (s- l » fI ,).« f i).w) = {^ 

where i, i — n are considered modulo n|fc|. Formulas 14.1.71 and 14 . 1 . 8 1 imply that the framings given 
by Formula [4. 1.51 and Formula [4. 1 .61 give rise to the symplectic trivializations r(7i) along 7, and 
r(7' fc l) along 7^ which are consistent in terms of Section [2/21 along the surfaces obtained from 
(<yj^ v ~ i ^ 27V (7p p.))" = L fc 1 ' by gluing them with (p k . In addition, note that from the property described 
by Equation 14. 1 .41 and the fact that da^ is it-invariant on Vi it follows that w^ t {pi) = q(t)wi(pi), 
where q(t) 7^ 0, i = 1, . . . , n\k\ and t E [-N, N]. Thus, t{%) and r 7i are in the same homotopy 
class of symplectic trivializations of the 2-plane bundle 7*^ over S 1 . In addition, it easy to see 
that the symplectic trivialization r(7' fe l) and r 7 |k| obtained by pull-back from 7 are in the same 
homotopy class of symplectic trivializations of the 2-plane bundle (7^')*^ over S 1 . Thus, we see 
that the symplectic trivializations r 7i 's and t 7 are consistent in the sense of Section I2T21 From now 
on, for simplicity we denote the consistent trivialization by r. □ 



THE CYLINDRICAL CONTACT HOMOLOGY OF UNIVERSALLY TIGHT SUTURED CONTACT SOLID TORI 19 



2ls, for k < — 1; 
—2ls, for k > 1, 



Remark 4.3. If Z > 1, one constructs r using the method from Lemma |4~2l and get 
and 



2(m-l)/ + l, for < -1 and t = (m - l)\k\; 
— 2ml + 1, for > 1 and t = m\k\. 

fori = l,...,n;t<N 6 ,s<^. 

4.2. Sutured cylindrical contact homology. In this section, we calculate the sutured version 
of cylindrical contact homology of the sutured contact solid torus that we have constructed in 
Section [3T2l (in the case when 1 = 1). 

We first recall that Lemma |4J] implies that all closed orbits of Ra s are nondegenerate. 

Remark 4.4. Note that there are no contractible Reeb orbits. Hence, from Theorem I2.7[ Re- 
mark |2~H and the fact that n^S 1 x D 2 ; Z) ~ H^S 1 x D 2 \ Z) ~ Z it follows that for all 
h e H^S 1 x D 2 ; Z) HC^iS 1 x D 2 , f , a a , J) is denned, i.e., <9 2 = 0, and is independent of 
contact form as for the given contact structure £ and the almost complex structure J. 



Lemma l4~2l implies that all Reeb orbits are good and 
(4-2.1) 1 7- 1 = 



2s - 1, for k < — 1; 
-2s - 1, for k > 1, 

and 

f 2m — 2, for < — 1 and (m — 1) < 4, < m; 
(4-2.2) 7 * = <^ _ ' , , , , V 1A * I*' 

v 7 I _ 2m, for k > 1 and (m - 1) < j^r < m 

for i = 1, . . . , n, s < & and t < N$. Hence, we get 

r Q(7 ft ), for/i>0andm = 2[/i(-i + 5)J; 

(4.2.3) C* (<£,./) = J Q( 7l h/|fc| ,..., 7 ^ fc| ), forfc|/*>0andm = -f - 1; 

y 0, otherwise 

for h < N s . 

Now since by Lemma gj]-4(7 |fc| ) > Afri) fori = 1, . . . , n, we can use Fact 12.61 and Re- 
mark 12 .121 and conclude that d(jf) = for i = 1, . . . , n and s > 0. Then we prove that (9(7*) = 
for k \ t < Ng. Since [%] = \k\[y] in H^S 1 x D 2 ; Z) = Z, the cylindrical contact homology 
differential at 7* counts only cylinders with negative end at 7*. Then, similarly to the previous 
case, Fact Upland Remark EE! imply that 9(7*) = for jfe f t < N s . 

We now consider the case when k \ t and will show that (9(7*) 7^ for k \ t < Ng. Is this 
situation, by arguing in the same way as in the case when k \ t, we get that $(7*) counts only 
cylinders with negative end at 7/ . 

Now we note that 

(4.2.4) md(u) = - | 7 * /|A;| | 
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for any pseudoholomorphic curve u in the moduli space Ad J (7*; 7* ), where k \ t < Ng and J is 
an almost complex structure tailored to ((R x S* 1 x D 2 )*, a* s ). The index formula can be written 
in this way, since H 2 {S l x D 2 ; Z) = and hence < ci(f), A >= for all A G H 2 {S 1 x L> 2 , Z). 
We now use Equations 14.2. l| and |4.2.2| in the case when k < — 1 and get 

| 7 *| - | 7 * /|fc| | = 2m - 2jl + 1 = 2(m - JL) + 1, 
and m = t|t for i = 1, . . . , n; t < Ng. Hence, we can rewrite Equation [4 .2 .41 as 

(4.2.5) ind(u) = | 7 *| - K' 71 * 1 ! = 2(^ - ^) + 1 = 1 

for i = 1, . . . , n and t < Ng. Therefore, Theorem 12.81 and Remark [2.121 imply that for every u G 
■M(7*> 7* 7 ' fc ') the linearization of the Cauchy-Riemann operator is surjective at u; here A; | t < Ns, 
J is any almost complex structure tailored to ((S* 1 x D 2 )*, a}) and i = 1, . . . , n. 
Similarly, we use Equations 14.2. l| and |4.2.2| in the case when k > 1 and get 

|7*| - | 7 - /Ifc '| = -2m - (-2ji - 1) = 2(ir - m) + 1, 

and m = 4r for % — 1, . . . , n; t < Ng. Thus, we can rewrite Equation l4.2.4l as 

(4.2.6) ind{u) = | -y* | - |7* /|fc| | = 2(m-m) + 1 = 1 

for i = 1, . . . , n and t < Ng. Therefore, Theorem 12.81 and Remark [2. 1 21 imply that for every u G 
(7*, 7^' fe ') the linearization of the Cauchy-Riemann operator is surjective at u; here k \ t < Ng, 
J is any almost complex structure tailored to ((S 1 x D 2 )*, a* 8 ) and i — 1, . . . , n. 

Let (S 1 x D 2 , Ti on g, U{Ti ong ), a l s on9 ) be a sutured contact solid torus obtained from ([—1, 1] x 
D, T, U(T), a) by using ipx H as a gluing map. Recall that we get (S 1 x D 2 , f, U(T), ag) from 
([—1,1] x D, T, f/(r), a) by using <£> fe = o ip Xll as a gluing map. Here R^ k is a —^-rotation 
around the center of D. We now note that (S 1 x D 2 , Ti ong , U(Ti ong ), a l 5 ong ) is a universally tight 
sutured contact solid torus with 2n\k\ parallel longitudinal sutures, \k\ > 1. This follows from 
the gluing/classification result for universally tight contact structures on a sutured solid torus, see 
Section 2 in [J9]| (more precisely, Corollary 2.3, Theorem 2.5 and Corollary 2.6). The cylindrical 
contact homology of this sutured contact manifold is computed in [8] and is given buy 

(4.2.7) HC**iS> x D 2 , T, ms , W * { ^ 
Here^ ong = ker a long . 

Note that {S l x D 2 , T long , U{T long ), a l s ong ) has n\k\ hyperbolic orbits 7 | on9 , . . . , 7^ and one 

elliptic orbit ^ lon 9 . Here 7]°" 9 's correspond to the equally spaced saddle points of H and r ) lon9 
corresponds to the critical point of H at the center of D(r sing ). In addition, observe that 

(4.2.8) [ 7l 'H = [ 7 ' ons ] = 1 G H^S 1 x D 2 ; Z). 
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Finally, note that from Lemma I4TT1 and from the construction of r ) lon9 and 7' on9 , . . . , 7^? it follows 
that 

(4.2.9) A^ lon9 ) > A(^ ong ), A{jT 9 ) = A^ 1 ™ 9 ) 

for i,j = 1, . . . , n\k\. Hence, Theorem 12 .7 [ Remark [2.121 together with Fact I2.6L and Formu- 
las 14.2.71 14.2.81 and 14.2.91 imply that d^ lon9 7^ 0; otherwise we come to contradiction to For- 
mula l4.2.7l ((9V ong = implies that the exponent of Q in Formula [4.2.7l must be n\k\ + 1). 

We now take almost complex structure J long tailored to ((S* 1 x D 2 )*, (a 1 ™ 9 )*) such that as a 
map £ lon9 £ lon9 it is obtained from some fixed J cyl : £ — > £ which is defined on ([—1,1] x 
D, T, U(T), a) and satisfies the following properties: 

(1) (J c ^) 2 = da(J cyl -, J cyl -) = da(-, ■), da(-, J cyl -) > 0; 

(2) J cyl is ^-symmetric, i.e., it is invariant under ^-rotation with respect to the center of 
D. 

Here £i ong = ker a^g and £ = ker a. By saying that J long is obtained from J cyl we simply mean 
that the gluing procedure with ip X[I applied to ([—1, 1] x D, T, U(T), a) transforms J cyl to J lon9 . 
Since £ is ^-symmetric on([-l, l]xD,T,U(T), a), we claim that J cyl , which satisfies Properties 

(1) and (2), exists and that Property (2) is not a serious restriction on J cyl . The symmetry of £ 
follows from the symmetry of (3 and Xh, and from the construction of a. 

Now we take J on (S 1 x D 2 , T, U(T), a$), which is obtained from the same J cyl defined on 
([— 1, 1] x D, T, U(V), a) by applying the gluing procedure with ip k = R_ k o cp XH to ([—1, 1] x 
D, T, U (r), a), and possibly modify it near the boundary of (S 1 x D 2 , T, U(T), as) (far from the 
Reeb orbits) so that it becomes tailored to ((S 1 x D 2 )*, (as)*). From the symmetry of J cyl and 
the form of the gluing maps for (S 1 x D 2 , f , U(T), a s ) and (S 1 x D 2 , T long , U(T long ), a 1 ™ 9 ) we 
see that d^ lon9 ^ for the count with respect to J lon9 implies that drf 7^ for k \ t < N$ for the 
count with respect to J. Observe that this choice of almost complex structures is possible, since 
Theorem 12.81 and Remark [2 .121 imply that we do not need to require almost complex structures to 
be generic. Finally, from Formula [4.2.3l it follows that 

( Q, for/i>0andm = 2[/i(-i + 5)J; 
HC^ l,h (S 1 x D 2 ,f,as) — < Q n -\ for k \ h > and m = -f - 1; 

[ 0, otherwise 

for h < N s . 

We now note that £ = ker as is independent of 5. This follows from the gluing/classification 
result for universally tight contact structures on a sutured solid torus, see Section 2 in [|9]| (more pre- 
cisely, Corollary 2.3, Theorem 2.5 and Corollary 2.6). Hence, from Theorem l2.7l and Remark l2.12l 
it follows that 



HC cyi,h( S i x D ^f,i) = HC cyl ' h (S l x D 2 , f, as) 
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for all h and hence for h < N$, where 5 is a small positive irrational number, 

HC cyi,h( S i x £) 2 ) f ; |) ;= HC ^ h (S l x D 2 , f, I), and 



HC cyl,h( S l x £)2 f )(5l5 ) : = QiJC:*^ 1 X D 2 ,f, 



Now observe that Ng — > oo when 5—^0. In addition, we note that for fixed n, & and two small 
positive irrational numbers 5i ^ §2, the sets of closed orbits of Ra Si and Ra S2 are the same, and 
the corresponding orbits with the same first homology class h < min{Ns l , N$ 2 } have the same 
Conley-Zehnder gradings in the corresponding complexes. Therefore, for every < h E Z = 
H^S 1 x D 2 ; Z), there exists 6 such that 

HC^iS 1 x D 2 ,t,i) = HC^iS 1 x D 2 , f, as) 



I forh>0<mdm = 2[h(-l + 5)\: 
r~\ fork I h > 0andm = -f - 1; 



0, otherwise 



for h < N5 and hence 



for /i > and m = 2[-f + 4J 



(4.2.10) HC2 hh (S l x D 2 , f , |) ~ { Q n ~\ for ife | h > and m = -f - 1; 

0, otherwise, 

where < <5,t t|t . Finally, Formula [4.2. 101 implies that 

( Q, for k f > 0; 

(4.2.11) HC cyl ' h (S 1 x D 2 ,r,£) ~ < Q"- 1 , for k \ h > 0; 

[ 0, otherwise. 

This completes the proof of Theorem 11.11 when 1 = 1. 

Remark 4.5. For I > 1, one can use the same observations as in the case when I = 1 and show that 
the only non-zero part of the cylindrical contact homology differential is given by < drf, 7*^' fc ' >^ 
for \k\ | t < N s . This will lead to Formula H2JJ] for all / such that (k, I) = 1, \k\ > I > 0. 

Remark 4.6. Theorem 1.3 from [8] and Theorem 11.11 provide the formula for the sutured version 
of cylindrical contact homology of (S 1 x D 2 , V, £), where T is arbitrary and £ is a universally tight 
contact structure. This follows from the gluing/classification result for universally tight contact 
structures on a sutured solid torus, see Section 2 (more precisely, Corollary 2.3, Theorem 2.5 and 
Corollary 2.6) in g). 
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